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1 Introduction

The study of the existence of solutions to the Navier-Stokes equations can be made
demanding only that the basis functions generate a complete subspace in a suitable
space of functions, see Kiselev and Ladyzehnskaya [17], Heywood [9] or the classical
books of Ladyzhenskaya [19], Lions [20] or Temam [41]. To obtain refinements in the
theory, particularly those concerning the regularity and decay, an appropriate choice
of the base generally is required. For example, the eigenfunctions of Stokes operator
associated with the problem could be taken.

An interesting question from the point of view of theoretical and numerical analysis
is to determine the convergence rates in several norms of the difference between
the exact solution and Galerkin approximations. This was done by Rautmann [26].
These error estimates are local in the sense that they depend on functions that grow
exponentially with time. Rautmann obtained the optimal convergence rate in the H'-
norm, but he only improved L>-error estimates when compared with the trivial one that
derives directly from the H!-estimate. The optimal convergence rate in the L?-norm
was obtained by Salvi [38] (see also [31]). We pointed that higher-order error estimates
is a difficult question because, as it was observed by Heywood and Rannacher [10],
they depend on non-local compatibility conditions for the data at time ¢ = 0, which
cannot be verified in practice. In this direction Rautmann [27] studied how smooth
a Navier-Stokes solution can be at time t = 0 without any compatibility condition
mentioned above (see also Temam [42] for other formulation of the compatibility
condition). By using this, Rautmann [28] proves an error estimate in the H 2_norm.
This is the best estimate that we may expect without any assumptions about the stability
of the solution being approximated (see [8]). For the classical Navier-Stokes equations,
assuming uniform boundedness in time of the L?-norm of the gradient of the velocity
and exponential stability in the Dirichlet norm of the solution, optimal uniform-in-time
error estimates for the velocity in the Dirichlet norm were derived in [8]. An optimal
uniform-in-time error estimate for the velocity in the L? norm was derived in [38],
also for the classical Navier-Stokes equations, assuming exponential stability in the L2
norm. Rojas-Medar and Boldrini [31] proved uniform in time optimal error estimates
for the spectral Galerkin approximations in the H' and L? norms, considering the
external force field has a mild form of decay, without explicitly assuming the L? (or
H")-exponential stability (this being in general difficult to verify).

An extension to the more practical finite-element approximations was analyzed
intensively by Heywood and Rannacher in a series of beautiful papers [10—13], see
also the paper of Bause [2] and the references therein.

We point that the exact knowledge of the eigenfunctions of the Stokes operator is
possible in certain domains, see [36,37]. Moreover, the asymptotic behaviour of the
eigenvalues is well known, see [16] and the references therein.

In this work, we want to study the convergence rates for the spectral Galerkin
approximations for the heat convection equations, also called Boussinesq equations
or Oberbeck-Boussinesq. We recall the results given in the works [32-34], where
the existence, regularity and uniqueness of solutions are established by means of the
spectral Galerkin method and the estimates for Galerkin approximations necessary
for our future arguments, see also [18,23,24]. Other techniques utilized in the study
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of these equations are semigroups [7,30], hydrodynamic potentials [3,39], iterative
methods [22], for instance.

Analogous convergence rates to those given by Rautmann [26] and Boldrini and
Rojas-Medar [31] were derived in the work [35] for a system more general than that
of Boussinesq’s. Analogous results to those of Heywood [8] were given in [4] for the
Boussinesq model. We recall these results in Sect. 2 since they will be used in this
paper.

We observe that the main results given in [43] are not new (Theorem 3.1 in [43] was
established in [35]). The Theorem 3.2 in [43] is not optimal, they set strong conditions
on the external forces and assume null initial conditions (see Rautmann [28]).

In this work, we extend the results by Rautmann [27,28] to the Boussinesq system;
we prove the pointwise convergence rate in the H2-norm for the velocity and tempera-
ture. Moreover, the pointwise convergence rate in the L2-norm for the time-derivative
of velocity and temperature is obtained. The innovation of our results is again, that we
do not need impose compatibility conditions on the initial data.

As it is usual in this context, to simplify the notation, we will denote by C generic
finite positive constant depending only on 2 and the other fixed parameters of the
problem (like the initial data) that may have different values in different expressions.

2 Preliminaries

The following equations describe the heat convection motion of a fluid in a bounded
domain 2 ¢ RN, N = 2 or 3, with smooth boundary, in the time interval [0, T),
0 < T < oo, considering the Oberbeck-Boussinesq approximation (see Joseph [15]):

il

a—l:+(u~V)u—vAu+Vp:j+0g,

dive =0, (D
a6

E—Fu-V@—kAG:f.

Here u(t, x) € RV, 0(t, x) € R, and p(t, x) € R denote respectively the unknowns
velocity, temperature and pressure of a liquid at a point x € §2 attime ¢t € [0, 7). The
constants v and k are respectively, the kinematic viscosity and thermal conductivity.
The gravitational field, g(z, x), the coefficient of volume expansion, j (¢, x), and the
source function f (¢, x) are given.We have considered the coefficient of viscosity and
thermal conductivity equal to 1, without loss of generality.

On the boundary I', we assume that

u(t,x) =0, 6(t,x) =01, @
where 61 is a known function, and the initial data conditions are expressed by
u(0, x) = up(x), 6(0,x) = 6p(x), 3

where ug and 6 are given functions on the variable x € £2.

@ Springer



B. Climent-Ezquerra et al.

To simplify the analysis, we consider v = 1, kK = 1, and #; = 0. The nonhomoge-
neous case 91 # 0, can be treated by using an appropriate lifting and only the obvious
changes should be required in the statement of the results.

The expressions V, A and div denote the gradient, Laplacian and divergence oper-

d
ators, respectively (we also denote oo by u,); the ith component of u - Vu is given
by [ Vil =¥ u,g% andu Vo =3, u,%
We will consider the usual Sobolev spaces

W™4(D) ={f € LY (D), |10 fllLa(p) < +00, |a| < m},

m=20,1,2,...,1 < g <400, D = 2 or 2x]0,T[, 0 < T < 400, with
the usual norm. When ¢ = 2, we denote by H™ (D) = W"™2(D) and Hy' (D) =
closure of C3°(D) in H™ (D). The L-norm is denoted by || - || ,. When g = 2, the
L2-norm is denoted by || - || and the associated inner product in L2(£2) by (-, ). If
X is a Banach space, we denote by L4(0, T; X) the Banach space of the X-valued
functions defined in the interval [0, T'] that are L7-integrable in the sense of Bochner.
In addition, boldface letters will be used for vectorial spaces.
We shall consider the following spaces of divergence free functions

C3o,(2) = {v e CP ()| divv =0in 2},
H = closure of C3° (£2) in L*(£2),
V = closure of C{°,(£2) in H'(£2).

Throughout the paper, P denotes the orthogonal projection from L?(£2) into H
and A = —P A with D(A) = V N H%(£2) is the usual Stokes operator.

We will denote by w”(x) and A, the eigenfunctions and eigenvalue of A. It is
well know that {w”"}°° | form an orthogonal complete system in the spaces H, V
and H?(£2) N V, with their usual inner products (u, v), (Vu, Vv) and (Au, Av)
respectively.

We observe that for the regularity of the Stokes operator, it is usually assumed that
£ is of class C3; this being in order to use Cattabriga’s results [S]. However, we use
the stronger results of Amrouche and Girault [1], which implies, in particular, that
when Au € LZ(Q), then u € Hz(.Q) and |lu|| 2> and ||Au| are equivalent norms
when £2 is of class C1!.

For each n € N, we denote by P, the orthogonal projections from L*(£2) onto
V, = span{w1 (x), ..., w"(x)}. For more details on the Stokes operator see Temam
[41].

Similar considerations are true for the Laplacian operator B = —A : D(B) —
L2(§2) with the Dirichlet boundary conditions with domain D(B) = H(} (2)NH2(£2)
and we will denote by w”(x), y, the eigenfunctions and eigenvalues of B. Also we
denote H,, = span {w1 (x), ..., ®"(x)}and R, the orthogonal projections from L2(.Q)
onto H,. We canrewrite the problem (1) by using the orthogonal projection P as follows
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u,+Au+ P -Vu) = P(j +0g),
O, + BO +u-Vo = f, “)
u(0) =ug, 6(0) =0y,

which is equivalent to the weak form

(us,v) + (w-Vu,v) + (Vu,Vv) = (j,v) + (g,v) YveV,
6, p)+ (w-V0,p)+ (V0,Vp) = (f, p) Vp e Hj (), ©)
u(0) = ug, 6(0) = 6.

The spectral Galerkin approximations for (u, ) are defined for each n € N as the
solution (1", 0") € C*([0, T1; V,,) x C%([0, T1; Hy,) of

@}, v)+@" - Vu",v) + (Vu",Vv) = (j,v) + (0"g,v) YveV,
u"(x,0) = Pyuo(x), 0"(x,0) = Ry60(x), xe€ 2.

By using these approximations Rojas-Medar and Lorca [32] have proved the fol-
lowing result:

Theorem 1 Let 2 be a bounded domain in RN with boundary I' of class C"!.
Suppose that

(0, 60) € V x Hy(£2), (7
jeL?0,T;: L>(£2)), geL*0,T;L*)), felL*0,T;L*2)). (8

Then, there exists Ty > O with Ty < T such that the problem (1) has a unique solution
in the interval [0, Ty). This solution belongs to C([0, Tp); V) x C([0, Tp); HO1 (£2)).
Moreover, the approximations of spectral Galerkin satisfy the following estimates
uniform in n

IVa" (1) |* + Vo' (1) |I* < C, )
t

/0 (1A (T)|1* + |1 BO" () |I*) dt < C, (10)
t

/0 (e (O + 167 () [P dr < C. (10

With stronger assumptions on the initial values and the external fields, we are able
to prove the following theorem:

Theorem 2 Under the hypotheses of Theorem 1, if moreover the forces satisfy

T
Fi(0) = /0 Ulg: I + 17,1+ £ () 1P)ds < 400

and the initial datauy € D(A), 6y € D(B) then, the solution (u, 0) obtained in Theo-
rem 1 belongsto C ([0, To]; D(A) x D(B))NC([0, Tol; H x (L*(£2))). Furthermore,
the approximations u™, 0" satisfy
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luf I + 16/ O]* < C, (12)

| Au™()|1> + |1 BO"(1)]1* < C, (13)
t

/0 IVul (@) + V6] (0)|%d < C. (14)

Remark 1 Moreover, it was proved in [34] the global existence and uniqueness of
strong solutions. We note that it achieves the same results as in the case of classical
Navier-Stokes equations, i.e., without smallness of the forces and initial dataforn = 2,
and smallness if n = 3.

In the work [35] the following optimal results were proved for the rate of conver-
gence in the L% and H'-norms.

Theorem 3 Suppose the assumptions of the Theorem 2 hold. Then, the approximation
u" and 0" satisfies

() — u (@) + 10() — 6" (1)]>

t
+ / (IVu(s) — Va"(s)[1> + VO (s) — VO™ (5)]1*) ds
0

1 1
<cl——+—). (15)
2 2
()“n—i-l J/n+l)

IVa(t) — Vu" (1) > + VO(r) — V" (1)||*

! 1 1
+/0 <||ut(s)—u?(s)||2+||0,<s>—9;’<s)||2>dssC(A + ) (16)

n+1  Vn+l
1 1
s (1) = w} (DI + 116: (1) — 6] O[5, < C ( - ) : (17)
Antl  Vatl

||Au<r>—Au"(t)||2*+||Be(r>—Be"(r)||§{1sc( Lyt ) (1)
Anti Yn+1

3 The main result

From now on, for simplicity of notation, we will write Ty = T'.

Theorem 4 Under the assumptions of Theorem 2, if moreover g, j € C([0,T],
H'(2)), f € C([0,T], H(2)) and ug € D(A'**), 6 € D(B'**) with e € (0, ),
then,

€
)‘n—ﬁ—l n+1

C 1 1\
|Au(t) — Au" (0)| + llu:(t) —u} @) < C [ &) + (A + ) } , (19)
Yn+1

€
n+1 Vi+1 Yntl  Vntl

" ; C(e) 1 1 1 \?
1B6() — BE" ()] + 16,(1) = 67 ()] < C | = + +( + ) .

(20)
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4 Technical results

In the following, we will use fractional powers A* and B defined for any real o by
means of the spectral representation of A and B respectively, (see [40] for the Stokes
operator). On D(A%), the operator A commute with exp(—A) and analogously for
B“. The following properties, valid for any strictly positive, self-adjoint operator A
in Hilbert space H, will be used (see [6])

| A% exp(—tA)|| <t witht >0, 0 <a <e. (21)
1A% exp(—t A = | A% exp(—tA)APv|| < 17| APv]| (22)
forve D(AP),r >0and0 <« <e.

| (exp(—t.A) — Dv]| St—||.A”v|| with v € D(A%), t >0, 0<o < 1. (23)
o
|(exp(—t.A) — Dv|| — 0" whent—0, veH. (24)

The following lemmas will be used below.

Lemma 1 Assume u; € D(A3/4+")f0r some n > 0 and v; € D(A) fori = 1,2.
Then,

IASP(uy - Vvy —uy - Vo) || < CIAY* T (wy — uy) ||| Ava |
+CIAY* Uy [ Az — )|

holds for all ¢ € [0, 1/4), the constant C depending only on n and ¢.

This result can be found in [29], Corollary 3.4. In analogous way, the following
lemma can be proved.

Lemma 2 Assume u; € D(AY*t") for some n > 0 and 6; € D(B) fori =1,2.
Then,

IBER(ua - VO — uy - VO < CIIAY* M (uy — uy)||| B |
+CIAY* Uy ||| BB — 6]

holds for all ¢ € [0, 1/4), the constant C depending only on n and ¢.

Lemma3 Let T, Cy, and Cy be positive constants and let v be a constant with
0 < r < 1. Then, any continuous positive function f, defined fort € [0, T, satisfying

t
f) <C +C2/ (t—s)"" f(s)ds,
0

verifies

f(1) < CCy exp (Cczl/“‘”z)
with a positive constant C, which depends only on r.
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This result can be found in [25], Lemma 6.5, and the following lemma in [14], p. 38.

Lemma 4 Ina Hilbert space H with inner product (-, -) defining the norm |- | g, let A*
be a symmetric operator which has the complete orthonormal system of eigenfunction
(e7) corresponding to the sequence (1)) of eigenvalues 0 < A7 <A} <--- < A7 —
00 with i — oo. then the error estimate

k
If =D (fehefln < ) A fl
i=1

holds for any f € D(A™).

We going to prove some results of regularity for the solution obtained in the The-
orems 1 and 2. Firstly, observe that we can write the following representation of the
solution obtained in Theorem 1

u(t) = exp(—Af)ug

t
+/O exp(—(t — s)A)(P(j(s) +0(s)g(s)) — P(u(s) - Vu(s)))ds,
t
0(t) = exp(—Bt)by +/ exp(—( —s)B)(f(s) —u(s) - VO(s))ds.
0

Theorem 5 Suppose that g, j € C([0,T], H'(2)), f € C([0, T], H'(2)) and
uy € D(A'%), 09 € D(B'%), then, the solution (u, 0) of (1) satisfies

u e C([0,T]; D(A'™) N C'([0, T]; D(A®)), 25)
0 eC(0, Ty D(BHS) n Cl([O, T1; D(B®)), (26)

for0 <e < 1/4

Proof The proof is similar to that of Bause [2] (Theorem 3.11). In fact, it is exactly
equal in the case of the velocity u(¢). To the temperature 6, we sketch the main ideas
following [2]

Step 1:1f0 < & < 1/4 then D(B'"*) = H*™2¢(2) N H} (2).

Let v € H?*2%(2) N HJ (), then Bv € H?*(£). Since H*(2) = D(B®)
(see [2, lemma 3.4]) it follows that v € D(B!*¢). Moreover the injection is compact
because ||B'*v|| < C||Bv|l2e < C||vll242¢. Conversely, if v € D(B'*¢), then v €
H?>*2¢(£2) and, using the fact that for the Dirichlet problem (with 82 € C**2, k =
0,1)

—AYy =gin2, Ylpe =0,

the solution satisfies ||{||gr+2 < Cligllgr. & = 0,1, (see V. Mikhailov [21], for
instance), we have that ||v]242. < C||Bvll2. < C||B'*v]].

Step 2: 1f0 <& < 1/4 then (u - V)6 € C([0, T']; D(B%))
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Indeed, u € D(A) and # € D(B) imply that (u - V)0 € H'(£2) and

@ - V)0l < [l - V)OI + |(Vu - V)OI + [[(u- VVO)
= CllulocolVOI + Vaull4ll VOl + llullcollOll 52)
< CllAu||||BO].

Here, we have used the inequalities

lvlla < CIVVOIF*IVIYA, vlls < Cllvllg2,

lvll g2 < CllAv] withv € D(A), |[v]g2 < C||Bv| forv € D(B).

Moreover, since H!(£2) < HZ?$(£2) is continuous, we get that (u - V)0 € D(B?),
0<e<1/4
To the continuity of term (u - VO)(¢), observe that

1B (u - VO)(t) — B (u - VO) ()|l < C(ll(u(t) —u(s)) - VOO |l g1
+llu(s) - V(O(@) = 0(s)l 1)

= C(BOOI + 1Au(s)IDIIA(u(r) — u(s))||
HIAu() [ BE @) =0 ().

Step 3:1f0 < & < 1/4then 6 € C([0, T]; D(B'T9)).
By applying the operator B'*¢ at both side of the integral equation of 8(¢), (4), in
the way

t
B'*¢0(r) = exp(—B1)B' "6, +/ BP exp(—(t — s)B)B° (f(s) — u(s) - VO(s))ds,
0
where 8 € (0, 1), o € (0, 1/4) such that 8 + o = 1 + &, using that |[B!+¢6y|| <
100112426+
| B? exp(—(t — s)B)B° (f(s) — u(s) - VO(s)) |

1 o
TP 1B (f(s) —u(s) - VO(s))|

=<

and (21), we deduce that 6(r) € D(B'*¢) fort € [0, T.
To prove the continuity, similar analysis can be apply to B'¢0(t + h) — B'*¢0(z)
with & € R, getting, for example for 4 > 0, the following estimate:

HB‘“@(z 1) — B*0(1)|| < |l(exp(—hB) — I)B'+¢4, H
t
+ /0 t — ) PRI £ ) 26510y + 1 - VOI(S) 2(510))ds

t+h
+/0 t+h—)"PUfS 20 + G- VO(S)20)ds
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< |[(exp(=hB) — I)B' ™6y | + Ct'Ph® + ch'~P.

where § > 0 is such that § + o0 < 1/4 and o as above. Here, (22) and (23) are been
used. The case i < 0 can be deal with in a similar way. Take in to account (24), it
follows that & € C([0, T]; D(B'*)).

Step 4: By using the equation 6; + B0 + u - V68 = f, of (4), we obtain that 0,6 €
C([0, T]; D(B?)). o

5 H?-error estimates for the velocity and the temperature

Letu = D00, Ai(Hw'(x) and & = > 52, B;(#)w' (x) the eigenfunctions expansion
of u, and 6, respectively. Let v" = P,u and p" = R,0 the n-th partial sums of the
series for u and 6, respectively. Recall that (u", 8™), solution of (6), are the spectral
approximations for (u, #). We define

'=u—1v", ¢ 29—,0’1, w' =v" —u", nnzpn_en.

To estimate Au — Au" and B — B6", we have to estimate Ae”, Be", Aw”" and
Bn".

5.1 Estimates in D(A%) and D(B%) ,0 <a <1

Lemma 5 Let o be such that 0 < a < 1, under the hypotheses of Theorem 2, the
estimates

C C
jAu() — A0 () < S9TDpeaa - ) < S9FD
Mnt Vnt1

hold for any ¢ > 0 such that) < o+ ¢ < 1.

Proof Observe that the operators A® and B® commute with P, and R, respectively,
for any ¢ € (0, 1). Since A® and B? are again positive definite symmetric operators
in H and L?(£2), having the eigenvalues A and y,° and the eigenfunctions w” and
", n = 1,2,... respectively, we can apply Lemma 4 for f = A%, A* = A® and
f = BY0, A* = BF? respectively, to obtain the above estimates. O

Theorem 6 Under the conditions stated in the previous theorem we have

&

C 1 1\ 2
1A%u(t) — A% (1)) < (f‘”)w(A + ) ,

n4-1 n+1 Vn+1

c 1 1 \'?

1B46() — B0 (1)) < S2FE) | ¢ ( n ) .
YVi+1 Antl Yn+1
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Proof Observe that

v (1) = exp(— A1) Pyug + /O[ exp(—=(t — $)A) Py (j(s) + 0(s)g(s))ds
—/Otexp(—(t —8)A) Py (u(s) - Vu(s))ds,
u' (1) = exp(—At) Pyuo + /Ot exp(—(t = $)A) Py (J (s) + 0" (5)g (s))ds
—/OIGXP(—(t — $)A) Py (u" (s) - Vu'" (s))ds,
hence,
w" (1) = /Ot exp(—(t — 5)A) Py (0(s) — 0" (5))g(s)ds
—/Ot exp(—(t — $)A) Py (u(s) - Vu(s) —u"(s) - Vu" (s))ds.
Therefore,
|a%w" ()] < /Ot A% exp(=(1 — ) A Pn (0 (s) — 0" (5))g(s)lds
+/0t A% exp(—(t — ) A) | Pa(u(s) - Vuls) —u"(s) - Vu"(s))||ds.
By (21), we have forall 0 <« <eand ¢ > 0,

1A% exp(—(t =) <

27)

and by using that ||v]|;2 < C|vll3llvlie < CVv|l2llvllg forall v € H', we
obtain that

1Py (0(s) — 0" (s)g()Il < 10(s) — 0" ()31 ()l s
= IVOGs) = VO () lIg )l g1

1 1 \?
<C + ) gl ooty
()\n+l Yn+1 L=

Hence,

t
/O A% exp(—(t — $)A) Pa(6(s) — 6" (s)g (s)ds

1 1\ |
e + ) gl / ds
()‘n-i-l Y+l L= o (t—s)¢
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for0 < o < 1 and ¢ < T. Finally,

t 1 1 \'?
/0 | A% exp(—(t — s)A) P, (0(s) — 0" (s))g(s)|lds < C ( + ) .

A+l Vol

On the other hand,

1Py (us) - Vu(s) —u"(s) - Vu" ()|
< @ (s) —u"(5)) - Vu(s)ll + lu" (s) - V(u(s) — u"(s))
= llu(s) —u" ()3 IVu()lizs + ()l LoollV (m(s) — u"(s)]
= ClIVu(s) — Vu" &) Il Au()[| + | Au" () [ Vuls) — Vu" ()|l

( | | )1/2
<C + .
A+l Vol

The last inequality is due to (13) and (16). Consequently, for all 0 < o < 1, we obtain
that

t
/ |A® exp(—(t — $)A) Py (u(s) - Vu(s) — u"(s) - Vu"(s))llds
0

1 1 \'/? 1l
<C + .
Antl  Vn+l l -«

Thus, for all 0 < o < 1, we have that

o, n 1 1 12
A% w" ()| < C + , (28)
Antl Vil

where C depend on 7', o, 982, [|g || oo (1)
Now, we estimate the error estimate for temperature. We observe that

p"(t) = exp(—B1)Ry00 + /0 exp(—(t — $)B)(Ry f(s) — Rua(s) - VO(s))ds.
6" (1) = exp(—B1)Ryfo + /0 exp(—(t — ) BY(Ry £(5) — Ra(u"(s) - VE" (5))ds.
therefore, we obtain that
76 =— /0 exp(—(t — $)B)(Ry(ut(s) - VO(s))— Ra"(5) - V0" (s))ds. (29)
Then,

t
IB“n" (O] < /O 1B exp(—(t — $)B)(Rn(u(s) - VO(s)) — Ru(u" (s) - VO" ()| ds.
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We estimate the right hand side of the above inequality as follows:

[ Rn(u(s) - VO(s) —u" - VO" (5))
=< l(u(s) —u(s)) - VOO + [[u"(s) - V(O(s) — 0" ()]
< llu(s) = u" 31V ls + lu" () Loo IV (O (s) — 6" ()]
< ClVu(s) = Vu" ()| + ClIVO(s) — VO" ()|l

( | | )1/2
<C + ,
Al Vatl

which implies the following estimate for any 0 < o < 1

: L \12
IBn" (D] SC(A + ) ;

n+1 Yn+1

where C depend on «, T, 952.
From Lemma 5 and the estimate (28) we have immediately that

IA%u(@) — A%u" (1) ||

A

[A%u(t) — A%v" ()| + [|A%w" (1) ||
C(e 1 1 \'?
# +C ( + ) .
)"n—H )”n+l yi’l"rl

Analogously we prove the result for the temperature. O

5.2 Estimates in D(A) and D(B)

Lemma 6 Under the hypothesis of Theorem 5 the following estimates are true,

[Au(t) — Av" ()] < (30)

—> 1BO@) — Bp"(1)]| <
n+1 J/n—ﬁ—l

for0 <e < 1/4.

Proof By using Lemma 4 and Theorem 5, we obtain that

1
[Au(t) — Av" (O] = IAU — Pou@®)|l = (I — P)Au(®)] < )\g—llA]“u(Z)ll-
n+1

The proof for the temperature is analogous. O

Lemma 7 Under the conditions of previous theorem, the following estimates are sat-
isfied
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. C(e) 1 1 \'"?
Aw" (@) < TG +C ; + , (31)
n+1 n+l  Vn+l
C(e C 1 1\
1B ) < & 4 € +c( + ) . (32)
Augl Vot Antl  Vnl

Proof From (5.1), we have for any ¢ € (0, 1/4)
t
[Aw"(®)] < /0 AT exp(—(t — $) A A°(Py[(O(s) — 0" (s))g(s)Dlds

t
+/0 1A' exp(— (1 — $)A)[|| A®

(Pul(u(s) - Vu(s) —u"(s) - Vu" (s)]lds. (33)

From some classical interpolation and Sovolev inequalities for three-dimensional
domains and the equivalence between the norms || Vv||;2 and [|v|| ;1 we have that

[A®(Pa[(0(s) — 0" ())& ()DII < ClI Pal(B(s) — 0" (s))g ()]
= ClO ) = 0" NI gl g

= CIVEs) =" (DIIgN Loy (3D

By using Lemma 1 with ¢ = n = ¢, we obtain

| AS (Pl (u(s) - Vu(s) —u"(s) - Va" (s)]1]l < CIIAY*E u(s) — u" (5))]||| Au(s) |
+ CIIAY U () [ | A(u(s) — u" (). (35)

From (33), by using (34), (35) and (27), we get that

[Aw" (0] </ - —— = ClIIV(O(s) —0"(s))llds

/ (- ————C (| A u(s) — u" ()| + [|Au(s) — u"(s))|)ds.

From (16) and Theorem 6, we obtain

lAw" ()| < C( ! + ! )1/2/’ ! d
—das
- Antl  Vatl 0o (t—s)t-¢

C(e) ( 1 1 )1/2 /f 1
+ + + — s
|:)»E An+l Vol 0o t—s)l—*

n+1

1
+ / L (lAuGs) — AV )] + AW (5) .
(=i
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By using Lemma 6, we have that

)\'8

t
1
/ 1 Au(s) = AV (s)llds < €
0 (t B S) n+1

Therefore, we obtain

. C(e) 1 1 \'? t 1 .
JAw" @) < 7 -+C( + ) +:A-Gt?F;MAw (s)lds.

n+1 Ant1 Vn+1
By taking Lemma 3 into account, (31) is attained.

In analogous way, we prove the result to the temperature. From (29), by using (22),
we have that

t
1B ()] < /0 1B exp(—(t — )B)||
11B° (Ru(u(s) - VO(s)) — Ru(u"(5) - V6" (5))) | ds,
where

IB* (Ra(u(s) - VO(5)) — Ry(u"(s) - VO™ (5))) |
< CIAY* e u(s) — u"(sHIIBO™ ()|l + CIAY*u ()| BB (s) — 0" (s)]

C(e) 1 1 \'?
<= C( + ) + ClIB@(s) — p" () + CllBn" ()|
)‘n+l )Vn—i-l yl’l+1
C(e) 1 1 \"? 1
<= +c( + ) + C——+C||Bn"(s)]l.
)“n+l An+1 Vn+1 Y+l

Therefore, we conclude that

C(e C 1 LA\

IBn" ()| < C ©) + + + ————ds
& & 1—e
Al Yn+1 Ant1 VYn+1 o (t—ys)

! 1
HEPOI [ s

Again, Lemma 3 provides (32). O

6 Proof of Theorem 4
By applying Lemmas 6 and 7 to the following splitting

[Au() — Au" )| < [[Au(t) — Av* O] + [Aw" ()]
I1BO(t) — BO" ()| < 1BO(t) — Bp" (Ol + I1Bn" @),
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we conclude that

n C(e) 1 1 \'/2
|Au(t) — Au" ()| < C + (A + )

c
An+1 n+1 Vn+1

and

)‘,81.:,.1 Vyf_H VYn+1 VYn+1

12
||Be<r)—Be”(r>||sc[c(€)+ ! +(1 + 1) }

On the other hand, u, — u} satisfies

ui(t) —up (1) = —A(t) —u" (1)) — (P(() - Vyu@®) — P, (" (1) - Vu' (1))
+P(J 1) = 08(1) — Pu(j (1) —0"g(1)).

Therefore,

() —w/ O < A@(t) —u" O)| + (@) - V)@@ (@) —u" ()]
+ (@) —u" @) - VIu" Ol + 10" (1) — 0()g®] (36)

holds. The first term on the right side of (36) is bounded as in (19). For the second and
third terms, we use Theorem 2 and (16),

| 1\ 12
II(u(t)~V)(u(t)—u"(l))llSIIAu(t)IIIIVu(t)—Vu”(I)IISC(A + ) )

n+1 Yn+1

1 1 1/2
||((u(t)—u”(t))eV)u"(t)||§||Au”(t)||||Vu(t)—Vu"(t)||§C(}L + ) .
n+1  Vn+l

The last term, also by (16), can be bounded as

1 1 \"?
1©" (1) —0@)g®I < IVE" () —0NIlIgD g < C( + ) :

Al Yn+1
Therefore, we conclude that

1/2
||u,(z)—u;1(t)||gc(8)+c( : + : ) .

)\f,_,_] An+1 Vn+1

By proceeding in the same way for the temperature we obtain

Cte) C 1 1\
|6:t) — 6/ @) < + +C(A + ) .

&€ &€
S Y41 n+l  Vn+l
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